ON FULLY NONLINEAR CR INVARIANT EQUATIONS ON THE 

HEISENBERG GROUP 



Y. Y. L0 and D. D. MonticellH 

Abstract. In this paper we provide a characterization of second order fully nonlinear 
CR invariant equations on the Heisenberg group, which is the analogue in the CR 
setting of the result proved in the Euclidean setting by A. Li and the first author in 
[21] . We also prove a comparison principle for solutions of second order fully nonlinear 
CR invariant equations defined on bounded domains of the Heisenberg group and a 
comparison principle for solutions of a family of second order fully nonlinear equations 
on a punctured ball. 

1. Introduction and main results 

As it was pointed out by Jerison and Lee in [16], there are important similarities 
between conformal geometry and the geometry of CR manifolds, which serve as abstract 
models of real hypersurfaces in complex manifolds, which we are going to discuss briefly 
in the following. On this subject see also the survey article by Beals, Fefferman and 
Grossman [2] and the book by Dragomir and Tomassini [8j. 

A CR manifold is a differentiable manifold M equipped with a subbundle % of the 
complexified tangent bundle CTM = TM ® C such that [H,H] C % (i.e. H is formally 
integrable) and % H % = {0} (i.e. % is almost Lagrangian). The bundle % is called a 
CR structure on the manifold M. An abstract CR manifold is said to be of hypersurface 
type if diniRM = 2n + 1 and dimc% = n. 

If the CR manifold M is of hypersurface type and oriented, it is possible to associate 
to its CR structure T~L a one form 8 globally defined on M such that Ker(9) = T~L. 8 is 
unique modulo a multiple of nonzero function on M: a choice of a nonzero multiple of 
such 8 is called a pseudohermitian structure on M. d8 defines the Levi form Lq on T-L. 
If the Levi form Lq is strictly positive definite, we say that M, with this CR structure, 
is strictly pseudoconvex. In this case, the form 8, as well as a nonzero function multiple 
of 8, is a contact form on M. See for instance [8]. 

A scalar curvature associated to the pseudohermitian structure has been introduced by 
Webster in [30], [31] and by Tanaka in [27J. Thus the CR Yamabe problem is formulated 
as follows: on a strictly pseudoconvex CR manifold, find a choice of pseudohermitian 
structure, or equivalently a choice of contact form 8, with constant pseudohermitian 
scalar curvature. 
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Jerison and Lee proved in [16] that there exists a CR numerical invariant A(M) asso- 
ciated to every compact strictly pseudoconvex orientable CR manifold M of dimension 
2n + 1, such that A(M) is always less than or equal to the value corresponding to the 
sphere S 2n+1 C C n+1 and such that the CR Yamabe problem admits solution on M, 
provided that A(M) < A(S 2n+1 ). This result is an analogue in the CR setting of the 
classical result of Aubin [T] on Riemannian manifolds. 

Jerison and Lee also proved in |17| that if 9 is a contact form associated to the 
standard CR structure on S 2n+1 having constant pseudohermitian scalar curvature, then 
it is obtained from a constant multiple of the standard contact form on S 2n+l via a CR 
automorphism of the sphere. This result is then an analogue in the CR setting of the 
well known result by Obata in |26j and by Gidas, Ni and Nirenberg in 



The Heisenberg group H n is CR equivalent to the sphere S 



2n+l 



c C 



n+l 



minus a 



point via the Cayley transform, see e.g. [IB] , so that the Heisenberg group plays in 
CR geometry the same role as R n in conformal geometry while the Cayley transform 
corresponds to the stereographic projection. 

Under a change of pseudohermitian structure given by = u p ~ 2 with p = ^ 2 , the 
pseudohermitian scalar curvature R changes according to the following equation 



(1) 



b n AbU + Ru = RvP , b n := 



2n + 2 



n 



as one can find in [16] . Here Aj, is the sublaplacian operator on the CR manifold 
M, which is a linear second order subelliptic operator, see also [8], [16] and references 
therein. On the sublaplacian on the Heisenberg group, which we will denote by Ah, see 
also section [2] 

One interesting feature of equation (pQ) is that the exponent p in the nonlinearity is 
the same as the one appearing in a Sobolev-type inequality for functions in Cg°(H n ), 
which is related to the CR structure defined on H n , that was proved by Folland and 
Stein in [9]. 

We report here a very nice table that summarizes many important similarities between 
CR geometry and conformal geometry, as it appears in [16] . 



Conformal geometry 

Riemannian Manifold (M, g) 
Euclidean space R m 
m-sphere S m C R m+1 
Stereographic projection 
Riemannian normal coordinates 
Scalar curvature K 
Laplace-Beltrami operator A 
Sobolev spaces W k,r 
Sobolev embedding W 1 ' 2 C L q , 



in 



Conformal change g 



CR geometry 

CR manifold (M, 9) 

Heisenberg group H n 

(2n + l)-sphere S 2n+1 C C n+1 

Cayley transform 

Folland-Stein normal coordinates 

Webster (pseudohermitian) scalar curvature R 

Sublaplacian operator A^ 

Folland-Stein spaces S k ' r 

Sobolev embedding S 1,2 C L p , 



Change of contact form 



2n+2 
p-2. 
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Conformal geometry CR geometry 

Conformal invariant fJ,(M) CR invariant \{M) 

Yamabe equation: CR Yamabe equation: 

a m Au + Ku = iiu q ~ l b n AbU + Ru = Xu p ~ l 

Many authors have already expanded the previous list with important contributions, 
as Gover and Graham did in [12] , where they derived the CR analogues on CR manifolds 
of the GJMS operators defined on Riemannian manifolds. For the original result on 
Riemannian manifolds, see the paper by Graham, Jenne, Mason and Sparling [13] . 

The point of this paper is to provide a new characterization of fully nonlinear CR 
invariant equations of the second order on the Heisenberg group, thus adding another 
interesting similarity between CR geometry and conformal geometry. We then also 
provide comparison principles for solutions of families of fully nonlinear second order 
operators on H n , which have suitable invariances. 

The original result on the Euclidean space R n was proved by A. Li and the first 
author in |21j. There, among many other results, they showed that any fully nonlinear 
conformally invariant equation on R n takes the form 

F(x,u,Vu,V 2 u) = f(o, 1, 0, —^—A u 



where 

2 ra+2 „ 111 2n 2 2n „ 

(2) A u : = —u »- 2 V 2 m + - — rru »-2\7u§Vn- 7 — *-a | V«rl n , 

n — 2 (n — l) A [n — 2) z 

and F(0, 1,0, •) is invariant under orthogonal conjugation, i.e. 

F f , 1,0,-^0-^0) = F{ 0,1,0,-^,4 



for every real symmetric n x n matrix A and real every orthogonal n x n matrix O. 

The tensor A u is very closely related to the Schouten tensor of a Riemannian manifold 
(M,g), which is defined by setting 

where Ric g and R g denote the Ricci tensor and the scalar curvature associated with g, 

4 

respectively. Indeed, let g± = u n ~ 2 g be a conformal change of metrics on M; then, as 
one can see in |28|, 



4 

If one lets g = u n ~ 2 g^ t , where g^t denotes the Euclidean metric on R n , then by the 
above transformation formula 

4 

A g = u n ~ 2 A^jdxidxj, 

where A u is given by ([2j). 

Lee derived in |20j the analogue transformation law for the CR Schouten tensor under 
a CR conformal change of the contact form 6 on a CR manifold. 
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Remark 1.1. Let N denote the set of positive integers. For any Af^Nwe will denote 
by ijv an d Oat the identity N x N matrix and the zero N x N matrix respectively. We 
will denote by Mat(iV, R) the set of N x N real matrices and by S NxN the set of real 
symmetric N x N matrices. 

If v, w G R^ for some iV G N, we will denote by v ® w the N x N real matrix 

v®w := [viWj]i tj=lt ... tN . 

Notice that for all v, w G R N and all A, B G Mat (TV, R) one has 

A(v (g> to) 5 = ((Av) (g> to) 5 = (Aw) ® (B T w). 

With some abuse of notation then we will simply write it as Av <g> wB. 

1.1. Fully nonlinear CR invariant equations of the second order on H n . The 

Heisenberg group H ra is the set R n x R n x R endowed with the group action o defined 
by 

n 

(4) £ o | : = (x + x, y + y, t + t + 2 ^ a^y* - y^) 

i=i 

for any £ = (x,y,t), £ = (x,y,t) in H n , with x = (xi,...,x n ), x = (xi, . . . , x n ), 
V = (z/i) • • • ; J/n) an d y = (yi> • • • > Vn) denoting elements of R n . We will also use the 
notation £ = (z,t) with z = x + iy, z G C n ~ R n x R n . Let Q := 2n + 2 denote the 
homogenous dimension of H n , see also [10]. We consider the norm on H n defined by 



i i 



4 - ^|4 +t 2\4 



(5) +* 2 

i=l 

The corresponding distance on H n is defined accordingly by setting 

where £ _1 is the inverse of £ with respect to o, i.e. £ _1 = — £. For every £ G H™ and 
it! > we will use the notation 

(6) D R (0 := {rieU n \d H (C,r,)<R}. 

For any fixed £ G H" we will denote by T| : H n — > H n the left translation on H" 
by £, defined by 

(7) ?|(£)=£o£, 

where o denotes the group action defined in while for any A > we will denote by 
5\ : H n — > H n the dilation defined by 

(8) <5 A (£) := (Ax, Ay, X 2 t), 
which satisfies 

for every £, £ G H™ and every A > 0. 

Notice that the norm on H n defined by ([5]) is homogeneous of degree 1 with respect 
to the dilations 5\, i.e. 

MOL = MZ\h v£gif,a>o. 
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Another group of automorphisms of H" is given by the action of the n-dimensional 
unitary group U(n). Using the complex numbers notation, its action is given by 

(9) p M {0= p M {z,t):={Mz,t) 

for any M G U(n) and every £ = (z, t) G H n . 

It is a known fact that a complex matrix M G Mat(n,C) belongs to U(n), i.e. it 
satisfies M ■ {M) T = I n , if and only if the block matrix M G Mat(2n, R) defined as in 
Theorem 11.31 by 

M := ( q with B ■= ReM > C ■= ImM G Mat(n,R), 

belongs to 0(2n), i.e. one has M ■ (M) T = l2 n - Using the real numbers notation, one 
has 

Pm(0 = PM&V't) = ( Bx - c v> B v + Cx i l ) 

for any M G U(n) and every £ = (x,y,t) G H n . In the case of the Euclidean space R n , 
the analogues of these maps are the usual rotations, given by the action of the group 
0{n) on R n . 

We finally introduce the inversion map l : H n — > H n defined by 

(10) t(0 = t{x,y,t):={x,-y,-t) 

for every £ = (x,y,t) G H n , and the map ip : H n — > H n defined by Jerison and Lee in 
|16| which we shall refer to as the CR inversion and which is defined by the following 
relations: 

(11) ¥>(£) == e 
where £ = (x, y, t) and 

„ _ art + ?/|z| 2 ~ _ V t ~ x \ z ? 7 _ ~t 

We explicitly remark that = ■ ^ ne inversion of H ra plays the role of the 

usual inversion with respect to the unitary sphere in R n . 

The elements of the group of automorphisms of H n generated by the left translations 
(0), by the dilations (jHJ), by the rotations ([9]), by the inversion map (fTUj) and by the CR 
inversion (|12|) are called CR maps on H n . 

For further references on these maps, on their definitions and their properties we also 
refer to the works of Koranyi [TU], Jerison and Lee [TB] and Birindelli and Prajapat [3], 

The vector fields 
(13) Y 3 



dxj ~ Sr tyidf 1 , . . . , n. 

dy~ ~ ^ X i~dii 3 ' = 1; • • • > n 
8 
dt 



form a base of the Lie algebra of vector fields on the Heisenberg group which are left 
invariant with respect to the group action o. The Heisenberg gradient, or horizontal 
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gradient, of a regular function u : H n — > H n is then denned by 

V H u := (Xtu, . . .,X n u,Yiu, . . .,Y n u), 
while its Heisenberg hessian matrix is 





/ X x X lU 


X n X\u 


YiXm ■ ■ ■ 


Y n X x u 


V> := 

(14) 


XiX n u 


X n X n u 


Y X X n U ■■■ 


Y n X n u 


XxYw 


■ ■ ■ X n Yiu 


Y x Y x u ••• 


Y n Y lU 




V X 1 Y n U 

( XjX iU 


■ ■ ■ X n Y n u 
YjX iU \ 


Y x Y n u ••• 


Y n Y n u 


= 

We also define 


V XjYiU 


Y i Y '» ),, ... 


.,n 




(15) 




: = \ [v>(6 + 


(vxo) t ; 





(16) 



G := 



which is the symmetric part of the matrix V^u(£). 

Now let n € N and define G, J G Mat(2n, R) by setting 

*n On A j ( n if, 

On In J \ ^ n ^ r 

We notice that V 2 n £ S 2 ™* 2 ™ © JR, see also section EU 

We now introduce the definition of CR invariance for an operator F depending on 
£, u, V H u, V^n. We refer to section[2]for some further basic facts concerning the Heisen- 
berg group. 

Definition 1.2. Let F <G C°(H n x R+ x R 2n x (5 2nx2n © JR)) . T/ien u, V H u, V 2 n) 
is C-R invariant on the Heisenberg group H ra if for any positive function u 6 C 2 (H n ) and 
any Ci? map ip : H" — > H n one aas iaai 

(17) F^u^), V H ^(£), V 2 n^(£)) = F&iOMHO), v„«(^(0), v>(^))), 

/or every £, where the function Uw, is i/ie transformed function of u through the CR map 
ip, which is defined by 

(18) tty(£):=|^(OI^«ty(£)), eeH". 

The main results of the present paper are now contained in the following theorems. 

Theorem 1.3. Let F £ C°(H n x R + x R 2n x (5 2nx2n JR)) . Then F(-, u, V H u, V 2 n) 
is CiZ invariant on the Heisenberg group H n if and only if 



(19) 
where 

(20) A" 



F(-,u,V„n,V 2 n) =f(o,1,0, 



Q 



.0+1 



2Q 2Q 



(Q 



4 2 
—-2 u q-» JV H u (8) JV H n - _ 



__2Q_ 

u e- 2 |V H n| z J 



2« ■ 
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and moreover for every A G t 5 2nx2re jr one fi as 

i) F(0, 1,0, A) = F(0, 1, 0, M T AM) for every unitary matrix M = B + iC G W(n), 
where we have set M := 

ii) F(0,1,0,A) = F (0,1,0, GAG), 

iii) F(0, 1, 0, A) = F(0, 1,0, A + aJ) for every cteR, 

with J, G being defined as in (fTB")) . 

We want to stress here that A u G g^nx2n^ ^hus ^ always has real eigenvalues, even if 
the Heisenberg hessian matrix V^n in general is not symmetric. Let 

\(A u ) = (X 1 (A u ),...,X 2n (A u )) 

denote the eigenvalues of A u . Using Theorem 11.31 we can then provide some examples 
of fully nonlinear CR invariant operators of the second order on the Heisenberg group. 
Indeed, for k = 1, ... , 2n, let 

w fc(A) = ^2 ^*i"""^ifc) A = (Ai, . . . , A2n) € R 2 ™ 

l<i 1 <...<i k <2n 

denote the k th symmetric function on R 2n . Then ujk(X(A u )^ is a fully nonlinear CR 
invariant differential operator of the second order on H n . 

Similar operators, involving the tensors in equations ([2]) and ([3]), were studied in the 
context of conformal geometry on R" and on more general Riemannian manifolds by 
many authors, see the works by Viaclovsky [25] and [2JJ], the papers by Chang, Gursky, 
and Yang [6 J and [7\ and the works by A. Li and the first author [2T] and [22], and the 
references therein. 

1.2. Comparison principle on a domain Q C H n for fully nonlinear CR invari- 
ant equations. 

Remark 1.4. If A, B G Mat(iV, R) for some JV 6 N, we will write A > B if 

<£, AO k m > <£, BO r n for every £ G R", 

where we denoted with ( •, -) r jv the usual scalar product in H N . If A — B is a diagonal- 
izable matrix, this is equivalent to A — B having nonnegative eigenvalues, i.e. to A — B 
being nonnegative definite. 

Let £ C S 2nx2n be an open set of matrices such that 

, s i) A G S, c G R + => cA G S, 

j ii) iGS,BG5 2nx2n andB>0^A + BeS. 

Notice that condition ii) in particular implies 

iii) AeS.BG S 2nx2n anc J ^ > i + B g S. 

Theorem 1.5. lei O C H n 6e a domain, let £ C 5 2nx2n 6e on open sei 0/ matrices 
satisfying condition ()2ip and /et u,w <E C 2 (f2) n C (O). Assume that u,w > on £1, 
A u G X and A™ G S c /or even/ £ G ft. T/ien 
i) if u > w on dfl, u > w in CI, 



(c B )' 
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ii) if u > w on d£l, u> w in £1. 



(22) 



W. 



I. 3. Comparison principle for a family of fully nonlinear equations on a punc- 
tured ball D R (£ ) C H n . 

Remark 1.6. In this section we will consider an operator TeC 1 (R+xR 2n x(S 2nx2n e JR)) 
satisfying the following assumptions 

i) T = T(s, v, U) is elliptic with respect to the family of vector fields X\, . . . , X n , 
Yx, . . . ,Y n , i.e. 

^— (s,v,U) >0 on R+x R 2n x (5 2nx2n JR), 

that is for every [a, b] C R+, Kx C R 2n compact, K 2 C S 2nx2n JR compact 
there exists /3 > such that 

(s,v,U)-W) >/3\W\ 2 

for every W £ R 2n , s £ [a,b], v £ K 1? U £ K 2 ; 

ii) T is invariant with respect to dilations in H n , i.e. for every A > and every 
positive function u £ C 2 (H n ) one has 

TK(0,V H «^(0,V>f A (e)) =T(u{5 x (0),V H u(6 x (0),V 2 H u[5 x (0)) 
for every £ S H n . 

Notice that since the operator T does not explicitly depend on £ G H n , it is automatically 
invariant with respect to left translations in H ra , i.e. for every £ £ H n and every positive 
function u £ C 2 (H n ) one has 

T(u T .(£),V H u r .(£),V> T .(£)) = T( U (T i (0),V H u{T i (0),V 2 H u{T i (0)) 

for every £ £ H". 

Theorem 1.7. Assume that the operator T satisfies the hypotheses above. Consider 
D 2 (£o) C H n and let u £ C 2 (£> 2 (£o) \ {to}), w 6 C 2 {D 2 (£ )) be such that 

i) u> w in D 2 (£o) \ {£o} and w > in D 2 (£ ), 

ii) A H u < in £> 2 (£ ) \ {to}, 

iii) T(u,V H u,Vlu)>0>T{w,V H w,Vlw) D 2 (£ ) \ {£ }. 
Then liminf (W£) — itf(£)) > 0. 

This result is an analogue in the Heisenberg group setting of the original result proved 
in the Euclidean setting by the first author (see Theorem 1.7 in [23J). From Theorem 

II. 31 and Theorem II .71 the following Corollary immediately follows. 



Corollary 1.8. Let F{A U ) be a CR invariant operator on the Heisenberg group, with A u 
being defined as in equation (|20p and F £ C l {S 2nx2n ) . Assume that for every A £ S 2nx2n 
one has 

~ OF 

dA~ {A) > °- 

UA iJ J i,j=l,...,2n 

Consider D 2 (£ ) C H n and let u £ C 2 (L> 2 (£ ) \ {£ }), v £ C 2 (A>(£ )) be such that 
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i) u> w in D 2 {Co) \ {Co} and w > in D 2 (Co), 

ii) A H u <0in D 2 (£o) \ {Co}, 

iii) F(A U ) > > F(A W ) m L> 2 (£ ) \ {Co}- 
Then liminf (u(£) — w(C)) > 0. 

The paper is organized as follows: in section [2] we introduce notations, definitions and 
some known facts about the Heisenberg group and the sublaplacian operator defined on 
it, which we are going to use throughout the paper. Section [2] also contains the formulae 
for V H u^ and V 2 u^p, when u 6 C 2 (H n ) and ip is any of the generators of the group of 
CR maps on H n . 

In section [3] we give the proof of Theorem ll.3( in section H] we prove Theorem 1 1 . 5 1 while 
in section [5] we give the proof of Theorem 11.71 Section H] also contains another result 
of interest, where we study "the first variation" of the operator A u defined in (|2Q|) . and 
which is the equivalent on the Heisenberg group of an analogous lemma proved in the 
Euclidean setting by the first author (see lemma 3.7 in [24] ) . 

Finally in section [6] we collect some technical results, which are used in the previous 
sections. 

2. Notation and preliminary facts 

For future use we notice here that if we denote by (£) the Jacobian matrix of a CR 
map if) : H n — > H n evaluated at £ S H ra and by its determinant, then we have 

1^(01 = 1, 1^(01 = 1, l^(0l = i 
l^ A (6l = a q , \M0\ = -^, 

where we recall that Q = 2n + 2 denote the homogenous dimension of H n . 

Next we recall that, for any CR map ip on H ra and any function u : H n — > H n , the 
transformed function is defined as in (fTKj) by 

Then we have 

(23) u T| (0=^°0> u PM {0 = u(Bx-Cy,Cx + By,t), u t (£) = u(x,-y,-t) 
u s x (C) = X~u(Xx,Xy,X 2 t), u^d) = —^u(x,y,t). 

2.1. The sublaplacian on the Heisenberg group. Consider the vector fields Xj, Yj 
for j = 1, . . . , n defined in (|13|) . The sublaplacian on the Heisenberg group is the linear 
differential operator of the second order defined by 

n 

A H u := Y; X 1 u + Y f u 

j=i 

Ed 2 u d 2 u d 2 u d 2 u . 2 2 ,d 2 u 

dx^ + dtf + Vj dx~di ~ Xj dy~di + {X i + y i ] W 

j = l J J 
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The sublaplacian is the trace of the Heisenberg hessian matrix defined in f)14[) and it 
is degenerate elliptic. Furthermore it has divergence form. Indeed one has 

A H u = div(A(z)Vu), 

where here Vu denotes the gradient of u in R 2n+1 and 



A(z)=A(x,y) :-- 



with I n and n denoting respectively the identity matrix and the zero matrix in R ra . 

Now notice that the smooth vector fields Xj, Yj, j = 1, ... ,n satisfy the following 
commutation relations 

(24) [X i ,Y j ]=-4TS ij , [X i ,X j ] = [Y i ,Y j ]=0 Vt,j = l,... } n 

and hence they and their first order commutators span the whole Lie Algebra. It is 
then a consequence of the classical theorem of Hormander |14j that the sublaplacian is 
hypoelliptic, i.e. if A H u E C°° then u E C°°. Moreover A H satisfies the Strong Maximum 
Principle, as one finds in the work of Bony [5]. 




Remark 2.1. Notice that, by the commutation relations ()24p . the Heisenberg hessian 
matrix of a regular function u is not symmetric, in general. Indeed, it's easy to see that 



(25) V>(£) = V^«(e) + 2T«(0J S 

with J E Mat(2n, R) being defined as in (|16p by 



J 



On In 
In n 



Remark 2.2. Using the definition of the matrix J in (|16p . for every regular function u 
one has 



du 

V H u = V zU + 2—Jz 

d d cP'n du 

Vtu = Viu + 2—V z u®Jz + 2Jz®—V z u + 4;——Jz®Jz + 2—J 
at at at 1 at 



72,, w2 



o 9 d d d u 

V„ u = Viu + 2—V z u®Jz + 2Jz(g)—V z u + 4— T Jz(2)Jz 



dt z dt z dt 2 



, 2 d u , d 



A H u = A z u + A\z\ + 4— {Jz, V 2 u) R2 n , 

where A z , V 2 . and V z are respectively the ordinary Laplace operator, the Hessian matrix 
and the gradient with respect to the variables z = (x, y) E R 2n . This in particular implies 

V H n(0) = V z u(0), V>(0) = V 2 z u(0) + 2— (0) J. 
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(26) V^ Pm (0 = ^ T " V H u(Bx — Cy, By + Cx, t) 

V H u L (0 = G-V H u(x,-y,-t) 
V H «* A (0 = A^V H u(Ax,Ay,A 2 t), 

with G S Mat(2n, R) being defined as in Theorem 11.31 by G = ( ^ n ^" ) , and that 

v> Te -(e) = v>(|oo 

(27) V> Pm (0 = M T • V 2 u(& - Cy, 5y + Cx, t) ■ M 



V>(£) = G-V 2 H u(x,-y,-t)-G 
V 2 H u Sx (0 = A^V>(Ax,Ay,A 2 t). 



Then it follows that 

A H u T( (0 = A H u(£oO 

(28) A H u PM (t) = A H u(Bx-Cy,By + Cx,t) 

AhMO = A H u{x,-y,-t) 

A H u 8x (0 = A^A H u(Ax,Ay,A 2 t). 



2.2. A useful CR map. Instead of using the CR inversion ip defined in (|lip as one of 

the generators of the group of CR maps on H ra , throughout the rest of the paper we will 
use the map Cp := ipo t, i.e. <p(t;) = (x, y, i) for every £ G H n with (x, y, i) being in turn 
defined by 



xt + y\z\ 2 v yt — x\z\ 2 



(29) *~ leu ' y " i^i* ' 



We make this choice because <£>(</?(£)) = £> while = {~ x i~V^) f° r every £ 

U.y.Di \\" {()}. 

We now derive the transformation formulae for V H ti^ and V^u^. 



12 FULLY NONLINEAR CR INVARIANT EQUATIONS ON 

Proposition 2.4. Let u G C 2 (H n ), then = ^_ 2 u(x,y,t) /or ever?/ £ G H n \ {0}. 

Moreover for every j = 1, . . . ,n and every £ = (x, y, t) £ H n \ {0} one has 

xjMt) = -(Q - m\~ iQ+2) Am) {\z\ 2 xj + t yj ) 



+ie|- (Q+6) ^(^(e))(2(kl 4 -t 2 )y i -4t|,| 2 ^) 



(30) +i?i; (Q+6) [E 5^(0(0) ( - «C + 2 (n 4 - * 2 )(^ - 

+4t|z| 2 (x i 3; /l + 



+IC (Q+6) [E IrM) ( " ^N 2 KIh + 2 (N 4 - * 2 ) ( x j x h + ») 



4i|z| (yjXfe - Xj-y/J 



= ~(Q - 2)|£|- (O+2) «(0(O) (\z\\ - txj) 

Oil 



+i^i; (Q+6) ^(^(e))(2(^-ki 4 )x J -4t|,|\.) 



(3i) +iei- (Q+6) [E %r&®) ( - **w a K£ + 2 (n 4 - * 2 ) + 

+4t\z\ 2 (yjX h - Xjy h ) 



+i^ (Q+6) [ E ^ (#(0) + 2(n 4 - 1 2 ) - s iWi ) 

/l=l 

— 4t|z| 2 (xj3;ft + 



Q-2 

Proof: By definition JTSJ) one has U(p{£) — |^(C)I 2< ^ ^(^(O) - Since for every £ E H" 
one has that 

\mo\ = \j^(o\ = \moh(o\ = \mo\ 1 



we get U(p{£) = A_ 2 n(x,y,t) as claimed. 



ieil Q ' 

u(x,y,i) as claimed. 

Then one also gets 

Ms In / Is|h 
= -(Q - 2)|C|;( Q+2 )n(x, y, t) (NIS- + + 
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and in a similar way 



Yju$(£) = u{x,yJ)Y j (—^j+—^Y j (u{x,y,i)^ 

Ms In / IsIh 

= -(Q-2M\-^u(x,y,i){\z\ 2 y 3 -tx 3 ) + 



Isl 



T I, 1 ^ L 1 



Now it suffices to use the formulae for Xj(xh), Xj(i/h), Xj(i), Yj(xh), Yj(yh) and Yj(t), 
which are provided in lemma I6TT1 in the appendix, in order to conclude the proof. □ 



Remark 2.5. We can rewrite formulae (|30p and (|3ip in the following form 



(32) V H u^) = -&y u ($(£)) (\z\ 2 z + Uz) + ~^qE- V H u{m) , 

IsIh IsIh 



where J G Mat(2n, R) is the matrix defined in (|16p and where 12 G Mat(2n, R) is the 
block matrix defined by 

(33) 

j,h=l,...,n 

Using lemma 16.11 we see that the matrix E can be written in the form 
(34) E = ^-^I 2n + J_( 2 (|z| 4 -t 2 )(z® Jz- Jz®z) + 



Xj(x h ) 


XjiVh) 


Yj{x h ) 


Y 3 (y h ) 



At\z\ 2 (z ®z + Jz® Jzj) j • G 



R S \ ( R — S \ „ „ / R S 
S -R J = \ S R J \ -S R 

where G G Mat(2n,R) is the matrix defined in (|16j) and where R,S£ Mat(n,R) are 
given by 



R 



\ / 7,ra=l,...,ra \ 



j,h=l,...,n \ / j,h=l,...,n 

1 

ieir n 1 m 

s ■■= leg^a&o).. 1 = leefatoo)., 

\ / j,n=l,...,n \ / j,n=l,...,n 

U|2 ]_ - . 

= ~]^V /n + ( 2 d z l 4 ~ * 2 )( x ® x + y ® y ) + 4 *N 2 (y ® x - x ® y) j • 

With these definitions it's easy to see that R + iS G U(n) and hence that -E G 0(2n). 



1 ~ In + w( 2 d z l 4 ~ * 2 )( x ® y ~ y ® x ) + 4 *kl 2 (a ; ® ^ + y ® y)) 

■iff I^Ih 
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Corollary 2.6. Let u G C 2 (H n ), then 

O 2 - 4 

V>^(e) = ^-^u(<p(Z))(\z\ 2 z + tJz)® {\z\ 2 z + tJz) 

~ ^Q+? U (^)) (l^| 2/ 2« + *J + 2z ® Z + 2Jz ® Jz) 

(Q-2)^ |2 _ 
(Q-2) 



(35) _ + t Jz ) g, (£ . V H «(^(0)) 



|Q+4 



If I. 



£ • V H u{<p{£))) (\z\ 2 z + tJz) 



+ T^F2 E V^(^)X^(0(O) + V 2 H {y h )Y h u{m) 

\*\H h=l 



for every f £ H n \ {0}, where E is the matrix defined in 



Proof: In order to obtain formula (|35|) it's sufficient to recall the definition of the 
Heisenberg hessian matrix V 2 given in formula (j!4[) and use formula (|32p . □ 

Remark 2.7. Notice that for every £ = (z,i) G H n \ {0} one has 

If Iff ft=l 

' GV ff u® (2(i 2 - |z| 4 )Jz + 4i|z| 2 z) 



ifir 6 

+-|^(2(t 2 - |z| 4 ) Jz + 4t|z| 2 z) GV H u 

+ -^GJV H n (8 (2(|z| 4 - t 2 )z + 4t|z| 2 Jz) 
If Is 



In 
1 



lfl„ Q+6 
8 

Ifi 



(2(|z| 4 - t 2 )z + 4t\z\ 2 Jz) GJV H 



u 



n Jz) {\z\ 2 z - tJz) 



— n^g((Gz, V ff u) R2 „ z + (GJz, V H it) R2 „ Jz) (g> (tz + |z| 2 Jz) 

Ifk 



Iff 

16(1 — t 2 ) 

— ({GJz, V H u) R2 n z - (Gz, V H n) R2n Jz) ® (|z| 2 z + f Jz) 

If Ih 

| 32 q+io ( V ff"")R2« 21 + (GJz, V H n) R2 „ Jz) ® (|z| 2 z + iJz) 
If |h 
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+— ^(2(\z\ 4 -t 2 )(GJz, V H u) R2n + 4t\z\ 2 (Gz, V H u) R2n )l 2n 

+—^{2(t 2 - \z\ 4 ) {Gz, V H u) R2n + 4t\z\ 2 (GJz, V H u) R2n )j, 
IsIh 

where G,J G Mat(2n, R) are the matrices defined in (I16p and where it's understood 
that in the previous equality V H u is to be evaluated at the point 

Corollary 2.8. Let u G C 2 (H n ), then 

(36) A H u l p(Q= Q+2 A H u(x,y,i). 

Proof: In order to conclude one only needs to compute the trace of the matrix V^it^, 
given in formula (|35 [) . □ 

On the formula which is the analogue to (|36p when the CR inversion tp is involved, 
see also [16], [3] and references therein . 

Remark 2.9. By relations (|28|) and ([36]) one has 

Q+2 

V 

for every CR map ^ : H n — > H n , i.e. 

V H n, V^n) := n <5- 2 A ff u 

satisfies definition 11.21 and it is thus a CR invariant operator on H n . In particular, if 
u G C 2 is a positive solution of 

Q+2 

(37) -A fl ji = ue- 2 , 

so is u^p for any CR map if) on H n . Equation (j3Tj) is related to the CR Yamabe problem 
on H n , see e.g. [TBI- 



Q+2 

(/ , . " 2 A H u^, = (u <3- 2 A H n)o^ in H" 



3. Proof of Theorem lOI 

Lemma 3.1. Gi?;en £ G H n , s G R + , V G R 2n , c G R and S G S 2nx2n a symmetric 
In x 2n reaZ matrix, there exists u G C°°(H n ) which is positive and such that 

u(£ ) = s, V H u(£ ) = V, V 2 u(£ ) = S + c J. 

Proof: Let w G C 00 (R 2n+1 ) be a positive function such that 

w(0) = s, Vw(0) = (V, °-) , V 2 w(0) = (4jr) • 

Now define u(£) = w^q 1 o £). Then by relations (|26p . (j27|) and remark T2. 21 one has 

«(&) = W(0) = 8 

V H u(£ ) = V H w(0) = V^(0) = y 

V>(£o) = V>(0)=V 2 ^(0) + 2^(0)J = 5 + cJ 

as desired. □ 

Proof of Theorem [TT3J We start by showing that a second order differential operator 
of the form ()19|) defined on H n which satisfies the invariance properties (i), (ii) and (Hi) 
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of the statement is CR invariant on H n . Indeed, using formulae (|26|) and (|27p . for every 
positive function u G C 2 (H n ) it's easy to see that on H n one has 

A UT i(0 = A w (r^(0) for every | G H", 

A u "m (f ) = M T ■ A u (p M (£)) • M for every M G W(n), 

A us x(£) = A U (5 X (0) for every A > 0, 

A u '(£) = G- A u (l{0) G. 

Moreover, using formulae (|32p and (|35p one can see that for every £ G H n \ {0} 

A«*(0 = E-A u (m)-E T , 

where G, E G Mat(2n, R) are the matrices defined respectively in (|16j) and in (|33p . 
The first part of the proof is thus complete. We are now going to prove that a CR 

invariant differential operator of the second order on H n necessarily satisfies (|19|) and 

the invariance properties (i), (ii) and {Hi) of the statement. 

Let Co G H n , s G R+, v G R 2n and £7 G S 2nx2n JR. Now consider a positive 

function G C°°(H n ) such that <^(^o) = s, V H ^(£o) = v and V 2 cp(^o) = see lemma 

13.11 Now use relation (|17p with the CR transformation 

see also definition (J7J), and the function cj). By relations (f23|) . ([26]) and ([27|) one has 

Evaluating this equality in £ = yields 

F(0,a,u,l7) =F(0,^o),V H ^o),V2^ )) 
1 1 = Ffe, 0(Co), V H ^ ), V* = a, u, C/). 

Since this holds for every £o G H n , _F(£o> s, v, U) does not depend explicitly on £q- From 
now on we will write F(s, v, U) in place of F(£q, s, v, U). 

Now let 4> G C°°(H n ) be a positive function such that (f)(0) = s, V H (f)(0) = and 
V 2 (f)(0) = U and consider the CR transformation 

<K0 = Pm (0 = (5x - Cy, By + Cx, t) 

for a matrix M = B + iC G W(n), see also definition Q. Using relation (|17p . by formulae 
(|25j>. (126]) and ([27]) we get 

F((f)(p M (0), M T - V H ^(p M (0), M T -V|0(p M (O) -M) 

= ^Wft f (0).v^(ft,(0),v2^(0)). 

Evaluating such equality in £ = yields 

F(s,0,M T UM) = FU(0), M T • V H 0(O), M T • V2</>(0) • M) 
(39) = F(#),V^(0),V^(0)) 

= F(s,0,U). 

Consider again a positive function <fi G C°°(H n ) such that (p(0) = s, V H <p(0) = and 
V 2 (f)(0) = U and the CR transformation 

= i{x,y,t) = (x,-y,-t), 
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see definition (fTUj) . Using relations (fTT]) , ([23]) , ([26]) and (f2T|) as in the previous cases and 
evaluating the resulting equality in £ H" gives 

(40) F(s, 0, GUG) = F(s, 0, U) . 

Let 4> £ C°°(H n ) be a positive function such that 0(0) = s, V H 0(O) = and V 2 0(O) = 
[7, let Q = 2n + 2 and 

= (5 ?_ (0 = f s~Q=2 x, s~^y, s~Q=*t) , 

S Q-2 \ / 

see definition ©. By ([53]), and ([27]), relation (HZ]) yields 

F ('~M a s -A K) )- s " Av »H a „-A K) )' ^^Mva 10 )) 

- F • v »Hv* ( «) • v Mv^ «>)) ■ 

Evaluating this equality in £ = gives 

(41) F(l,0,s~%^u) = F(s,0,U). 

Now let v = (p, q) £ R n x R n , v / and let £o : = (^o, 2/0, *o) with 

(Q-2)s (Q-2)s 

x o = m — P' = ri2 — *o = 

|?;| z |u| z 

and define 

A:= \^\ H = (\xo\ 2 + \yo\ 2 ^ = { -^^. 

Then consider a positive function G C°°(H n ) such that 0(£o) = s, V H 0(£o) = « and 
V£0(£o) = f an d the CR transformation 

(42) V(0 =^°^ 6 X -* (0 = (A 2 *, A 2 y, XH) , 
with 

, A o\ - _ %t + y\z\ 2 „ _ yt-a^l 2 - _ _J_ 

1 j x " leu ' y " ' icir 



relation (fTT]) evaluated in V ;_1 (?o) one has 



see definitions ©, (fT0|) and (fT2]l . Then one has 0^(£) = A ^_ 2 2 0(A 2 x, A 2 ?/, A 4 i), and by 



^(^(^~ 1 (Co)),v ff ^^- i (eo)),v 2 ^(^- 1 (6))) = F(^ ),v H m)y 2 H m)) 

= F(s,v,U). 
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Now by Lemma l6~4l in the appendix we have that 0^(^ _1 (Co)) = s, V J/ ^(V'~ 1 (Co)) = 
and that 



-i 2 -| 1 -1112 

;S Jv <g) Jv + — -S V <g) V + — -S \v\ l2n 



Q-2 Q-2 Q-2 



+ J T UJ + J^TJ ( (v, Uv) R 2n JV0JV+ (Jv, UJv) R 2n 



4 



\v\ A 



V Q9 V 



(44) - ( Jv, Uv ) R2 n v® Jv - (v, UJv)- R2n Jv ® t>) + |^|2 ( A> J T U T v 

G, 



-v <g> J T U T Jv + J T C/t> ® Ju - J T UJv <g> t> 



with G, J being defined as in ([To]) and where we recall that {v%, V2)- R 2n denotes the 
scalar product of the vectors v i , V2 G R 2n . Then 

(45) F^O.V^for 1 ^)))) = F(s,v,U). 

Now consider the matrix E G 0(2n) defined in ()33p . It's not difficult to see that, 
when evaluated at the point V ,_1 (^o) ) 



E = G 



f ( Jv ® v - v ® Jv ) + J T ^j . 



Notice that we can apply results ([39]) and ([ill]) to relation (|4"5"|) using the orthogonal 
matrix E, since it can be written in the form GM with 

M = B + iC G M=f^ ^ 

and 

2 2 

B = rTj(?®P-P®9)) C = — T" + (?) 
|?;| z |i>| z 

We conclude that 

(46) F(s,v,U) = Fis^^lM^' 1 ^))) = F{s,0,E T V 2 H ^- 1 (^))E). 
An easy calculation then yields 



and hence from relation ([46 p we get 

F(s, v,U) = F (s, 0, —S^s^v ®v+ qTsS" 1 + q^s^M 2 ^ + i7 



This equality trivially holds also in the case t> = 0, then for every s G R + , v G R 2n , 

U G 5 2nx2n JR by (35) one has 

(47) 

F(s,v,U) = 

F 1,0,-^s °- a v®v+zjz5* Q-iJv® Jv+j^s Q- 2 \v\ 2 I 2n +s ®- 2 U . 



Now let A > and consider the CR map ijj defined in (]4"2"j). Let £ = (0, 0, A 2 ) G H n and 
pick a positive function G C°°(H n ) such that 0(£o) = 1, V H 0(£ O ) = and V 2 </>(£ ) = 
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By Lemma [631 in the appendix we have that 4>^{i^ 1 (?o)) = 1) V H ^(^> 1 (Co)) = 
and V 2 ^^ -1 ^)) = + GUG. Since F is CR invariant on H n , we have 

F(1,0,U) = F(^(eo),V H 0(e O ),V^(e o )) 

= F(^(^- i (e )),v H ^(^- i (&)),v>^(^- i (eo))) 

f( i,o,-^t^j + gc/gV 



A 2 

We now use ([3D]) together with the relation 

Q-2 



G ■ 



A 2 



-J + GUG 



■ G 



Q 



A 2 



-J + U 



to conclude that for every A > one has 



F{1,0,U) = F (l,0,Q-^J + r). 
Since A > is arbitrary, we have that for every a > 
(48) F(1,0,U) =F(l,0,aJ + U 



If we consider A > 0, the CR map tp defined in (02}, the point £ = (0, 0, -A 2 ) G H n 
and a positive function G C°°(H n ) such that </>(£ ) = 1, V H ^(£o) = and V 2 0(£ o ) = c 7 , 
we can use Lemma 16.61 and repeat the above argument. Thus we obtain 



(49) F(l,0,U) = Fll,0,-aJ + U 
for every a > 0. From equations (08} and (|49|) then we get 

(50) F(1,0,C/) =F(l,0,aJ + U 
for every a G R. Now notice that 

U 



[U + U T i 




-U-U T i 




rU + U T i 


+ 






I 2 . 


- 2 . 




l 2 J 



+ a J 



for a suitable a G R. Then by relations (07} an d (|50p we finally get that for every 
s G R + , v G R 2n , 17 G 5 2nx2n JR one has 

F(s, v,U)=F (l,0, -Q-Z1a(s, v, U) 



with 



A(s,v,U) 



(Q 



2Q _jo_ 



{Q-2)- 

2Q 

7 s Q- 2 \v\ z L 



2Q 

;S «-2 JV <g> JV 



2n 



(Q-2) 



_ Q+2 
S «- 2 



U + U T 



Theorem 11.31 is now proved. □ 
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Remark 3.2. Notice that for every positive function u G C 2 (H n ) one has 

trace(^ M ) = -— — -u Q~ 2 A H u 
which, modulo the harmless constant — qz^, is the example recalled in remark \2 .91 

4. Proof of Theorem 11.51 

We start this section with a lemma which will be needed in the course of the proof of 
Theorem 11.51 

For it G C 2 (0), u > define := u~ Then G C 2 (Q), 4> > and one has 

(51) A u = Atj, := <j>V 2 H J - \\V H( t>\ 2 hn ~ JV^^JV^. 

Lemma 4.1. Lei Q, C H" 6e a bounded open domain, 4> G C 2 (S1) and </> > in O. Zei 
r/(£) = T/(z,t) := e 5 ' 2 ' /or 5 > 0. Then there exists 5 > 0, depending only on sup^ \z\, 
such that V<5 G (0,<5) and Ve > one has 

(52) Aj+er, > (l + + e5n4>I 2n in SI. 

Proof: For every (f),r] G C 2 (fl) with 0, rj > in and every e > one has 

A 0+£ „ = (^» + e ?? )V 2 !S (</» + er ? )-i|V H (0 + er / )| 2 / 2ri - JV^^ + er?)® JV^^ + er?) 
= A (f> + e{4>V 2 H s r] + vVl j - (V H <j>, V H r/) R2n I 2n 

-JV H <p ® JV H r] - JV H n ® JV H <^ + e 2 A v . 

By definition (fSTj) then one gets 



|2 

77 



(53) A^ +£ „ = ( 1 + ) ^ + e ( ^ s r? + 1 ^ 1 7y7 2 n + ^ JV g JV A 



Now notice that 



then it follows that 

(54) ^f JVff (5)®JV H (5) -AjV^® JV^ 



\j\I H (\) <g> JV ff - JV ff ® JV H ?? - JV H r? ® JX7 H ( 
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Inserting relation (|54p into (j53[) we get 



(55) A^ +£V = ( 1 + 4) A/, + e( 0V 2 s rj + J^L^ - <V H 0, V^) R2 n I; 



2 



Now let fy(£) = rj(z,t) := e* 5 ' 2 ' 2 , with <5 > to be chosen later. Then for every £ £ H" 
one has r/(£) > 1 and 

(56) V H 7?(0 = 2^(0^, Vj,»y(0 = 2S V (0hn + 45 2 7/(£)z ® *• 

By relations (f5T)j) and since 

02n < « ® « < \v\ 2 hn for all v G R 2n , 
it follows that if < 5 < |(sup^ |z|) 2 one has 



A v = 25rfl 2n + A5 2 rfz® z - 2S 2 rj 2 \z\ 2 I 2n - A5 2 rj 2 Jz ^ Jz 



(57) > 25r l 2 I 2n - 25 2 r l 2 \z\ 2 I 2n -A5 2 r ] 2 \z\ 2 hn 

> \^ 2 hn 

and hence A v is nonnegative definite in f2. Moreover one also has 

I 1 2 

I I 2 

^ <^ V 1 ^ + 20 - <V H 0, V ff r/) R2n I 2 „ - £ JV hV JV hV 

II 2 

= 25r](pl 2n + A5 2 r](j)z ® z + 2/' ?7^2n - 2<5r? (V H </>, z) R2n 4n - A5 2 r](pJz ® Jz 

I I 2 II 2 
> 2<5770/ 2n + ^^vhn - ^P~vhn - 46 2 V cf>\z\ 2 I 2n - 45 2 #|z| 2 I 2n 



and hence 



(58) '^H.s'n + 20 " <V H 0, V H 7?) R2n J 2n 



Then from (|55p by relations (|57p and (|58p we have 



The proof of the lemma is now complete. □ 
Remark 4.2. Inequality (|52p is equivalent to 



r(« ^j+eO -2— I 

A LV > [1 + er]uQ- 2 )A u + e5rju «- 2 1 2n in J). 



22 FULLY NONLINEAR CR INVARIANT EQUATIONS ON 



We are now ready to start with the proof of Theorem 11,51 
Proof of Theorem II .5b We start by proving part (i) of the statement. 

Let (j) := u~Q=2 and 9 := w~Q^. Then u(g) > iu(£) if and only if (f>(£) < 0(£), for 
any £ G £1. Hence in particular we have <f) < 9 on dVt. Moreover we also have 

(59) Aff, = A u G E, Aq = A w G S c in 0. 

Now by contradiction suppose there exists (j6(! such that it(£o) < w(£o)> i.e. such that 
<K£o) > #(£())• Multiply ^ by a constant a* G (0, 1) so that 

9 > a*4> on dQ, 

(60) 9 > a*(j) in 0, 

= f° r some £i G $7. 

One can easily prove that a* = sup {a G (0, 1) : f3<p < # in 0, V/3 G (0, a)}. Now use 
lemma UTTl and let = e* 5 ' 2 ' 2 for some <5 > small enough so that for e > one has 

(61) Aa^+er, > ( 1 + £ )A a)f( k + £^(a*0)I 2 n ^ O. 

Choose e > small enough, so that 

> a*<^> + £r\ on (90. 

For instance this can be achieved by choosing < e < — (inf(0 — a*0) N ) (sup 77^ . Then 

we have 0(£i) < a*</>(£i) + £??(£i)- 

Now, in a similar way as we already did with a* in relations (|60p . let 7 G (0, 1) be 
such that 

9 > 7(a*</> + £rj) on 90, 

(62) (9 > 7 + £7?) in fi, 

0(6) = 7("*<?K6) + er ?(6)) for some £ 2 G fi, 

where 7 = sup {c G (0,1) : p(a*4> + erj) < 9 mil, V/3 G (0,c)}. Consider the CR 
map T£ 2 (£) and the transformed functions 4> T ^ , # Tf and r/ Te2 , see also definition (J7J) and 
relation (|23p . By relations (|62p then we have 

> 7(a*^r 52 +£Vt 62 ) inr^fH), 

(63) ^(0) = 7 («*^ 2 (0)+£7? re2 (0)). 
Then we have 

(64) W r?2 (0) = 7 («* V^ 2 (0) + £Vr? Tfa (0)) , 

(65) V% 2 (0) > 7 (a,V\(0)+eVV S2 (0)), 

where we recall that V and V 2 denote respectively the gradient and the Hessian matrix 
of a regular function in R 2n+1 . Now recall that by remark [2T21 for any function / G C 1 (0) 
one has V H /(0) = V z /(0), hence by relation (f64"|) we have 

(66) V H ^ 2 (0) = 7 («*V H ^ 2 (0) + £V H ^ 2 (0)) . 
We notice also that (|65p implies 

(67) V 2 ^ T?2 (0) > j(a*Vlj T(2 (0) + £V 2 ^ (0)) . 
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Indeed for any z G R 2n let £ := (z,0) G R 2ra+1 , then we have 



2« 



i,j=l 

2n+l 

= E[ v2 ^ 2 (°)]^o = (c,v^ 2 (o)c) R2n+i 

m'=i 

(z, l{a^ 2 z 4> T ^ (0) + eV 2 zVTf2 (0)) z)^ = (c, l{^ 2 ^ 2 (0) + eVV ea (0)) c) j 



R 2n + 1 

Now, by relation (j65f) . this in turn implies that 

(68) V 2 ^ 2 (0) > 7 (a,V 2 r?2 (O) + £ V 2 r /Te2 (0)). 

By remark [22] one has V 2 /(0) = V 2 /(0) for every function / G C 2 (il), so that inequal- 



ity fl68j) finally implies (I67I) . 

But then by formulae (j26[) and ()27p we have 



0(6) = 0r 4a (0) = 7(«*^r e2 (0) + (0)) = 7 («^(6) + ^(6)) by © 
V H 0(6) = V H e TCa (0) = 7 («*V H ^ 2 (0) + eV H ^ 2 (0)) by © 

= 7(a,V H( />fe) + eV H r / (e 2 )), 
V i*fe) = V h ,A 2 (0) > 7(«*V 2 > £a (0) + eV 2 ^ (0)) by «6 

= 7 (a*V 2 ^(6) + £V 2 ^(e 2 )). 
This in turn implies that at ^ G ^ one has 

a 9 = ev 2 H e - b\v H e\ 2 i 2n - jv H e ® Jv H e 

(69) = -j 2 A at<j>+srj 

> 7 2 ( (l + A*^ + ^(a* 0) J 2n ) by © 

oof v ^ 2 

= 7 aJ 1 + e — - I A,* + e^7 a^hn- 
Since ^ G S and since 7 2 a 2 ( 1 + £7^5 ) > in J), by condition (f2Tj) we get 



(70) 7^(1 + ^7) 



A* G S. 



Then in £2 G f2 we have 

Aq = (Ae - j 2 al (l + e^r) A ) + 7 2 a 2 (l + s^-) ^ := 5 + c^, 

with cA G E by £25} and with B £S 2nx2n , B> e5j 2 'a^I 2n > bv 

By condition (|2ip it follows that A# G S when evaluated in (2 S O, which contradicts 

our hypothesis Aq G S c in Q, see condition ()59|) . Then we have u > w in fi. 

Part (i) of the statement of the theorem is thus proved. Now we turn our attention 

to part (ii). 
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2 2 

Consider again <f> := u Q~ 2 and 9 := w Q~ 2 . Then E S and Ag E S c . Since u > w 
on <9f2, we have 9 > 4> on d£l. By part (i) we have u > kj in fi, and hence 9 > <j> in f2. 

Now suppose by contradiction that there exists del! such that u(£i) = w{^\), i.e. 
= 4>{£,i)- Then we have condition (f60|) . this time with a* = 1. 

The proof now proceeds as in the previous case (i), where one has just to substitute 
a* = 1 in all the calculations. Then we can conclude that at some point one has 

Ag E S, which again contradicts our hypothesis Ag E E c in fi. Thus u > ro in fi, and 
the proof of the theorem is now complete. □ 

Remark 4.3. Notice that, by choosing 

S := {A e 5 2nx2n | trA > O} 
in Theorem 11.51 we have the following corollary: 

Let u, w E C 2 (n)\JC°(n) with £1 C H n a bounded open domain. Suppose that u, w > 
in f2, and that A H ii < 0, A H w > in SI. Then 

i) if u > u> on <9f2, u > u) in f2, 

ii) if u > w on <9f2, u > w in f2. 

This is also a consequence of the weak maximum principle applied to the sublaplacian 
on the Heisenberg group. 

5. Proof of Theorem 11.71 

We start this section with some results that will be needed in the course of the proof 
of Theorem 11.71 

Theorem 5.1. Let n > I, Q = 2n + 2 and consider £>i(0) C H n ; u E C 2 (£>i(0) \ {0}) 
such that 

A H u<0 mDi(0)\{0}. 
Let f,g:D\ (0) — > R be bounded functions such that 

i) /(0) = S(0), 

ii) f,g are differentiate in and V H /(0) 7^ V J/ 5'(0) ; 

iii) > /(e), u(0 > 5 (e) M euery £ E £>i(0) \ {0}. 

T/ien one has lim inf u > /(0). 

R^o+ D fl (0) 

Proof: For every £ E £>i (0) \ {0} define 

5(0 := u(0 - /(0) - (V/(0), R2 n +1 , 
and for £ E -Di(O) define 

7(0 := /(e)-/(o)-(v/(o),o R2 n +1 , 

5(0 == 9(0-/(0)-(V/(0),0 R2n+ i, 

where V denotes the usual gradient of a function defined in a domain of R 2n+1 . Then 
5, /, g satisfy all of the hypotheses of the theorem, moreover with 

7(0) = 5(0) = 0, V7(0) = 0, V H 7(0) = 0, V H 5(0)#0. 
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If we prove that the result of the theorem holds for the functions u, f, g, that is if we 
have 



lim inf u > = f(0), 
R->0D fl (0) 



then we also have 



lim inf u-f(0)- inf (V/(0). > lim inf u > 0. 

K->0\D fl (Q) D R (0) J fi^0D fl (0) 

Thus we obtain the desired result on u, i.e. lim inf u > f(0). 

R^0D R (0) 

Hence without loss of generality we can assume that the functions u, f, g also satisfy 

(71) /(0) = 0(0) = 0, V/(0) = 0, V H /(0) = 0, V H g(0)^0, 

and thus we have to prove that lim inf u > = f(0). 

R^0D R (0) 

Conditions (|7ip in particular imply that as |£| — > one has 

no = o(iei), g(.o = (v 5 (o), e) R2 n +1 + 0(|C|), 

where | • | denotes the usual Euclidean norm. Then in -Di(O) we have 

(72) u(0 > "(0 > <V S (0), 0r 2 « +1 " := <C, 0r 2 «+i " MO 

with C = := Vs(0) G R 2n X R, z x = V H g(0) / by (jni), and with > 

bounded and h(£) = o(|£|) as |£| — > 0. Now define on -Di(O) \ {0} the function 

«A(0 :=^«(<yA(0)i 

with < A <C 1 and 5a (0 defined by relation ([5]). Notice that, as A tends to 0, we have 
on Di(0) 



1 1 A /\2U|2 _i_ \4+2 

^(«A(0) = tI 5 a(0I o(l) = V ' ' A < lei o(l) < o(l). 



Hence h(5\(£)) = o(A) as A — > 0, uniformly for £ G -Di(O). By relations ([72]) then we 
have 

(73) u A (£) > ~fc(*A(0) > -°(1) onAX0)\{0} 

(74) u A (£) > \(<;,S x (0) R2n+l -~h[5 x (0) 



> ( Zl , z) R2n + AM - o(l) > (zi, z) R2 n - 0(1) on L>i(0) \ {0}, 

uniformly in £ = (z, t) as A — > 0. 

By ([73]) for every e > there exists Aq > such that 



(75) u x (0 > ~e in D x (0) \ {0} for all A < A . 



2(5 
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Moreover, if we set £o := ( ^TzTT'v' we have \£,o\ H = |£o| = \ and it's easy to see that 



Di (Co) C L>i(0) \ {0}. By (HU on Di(£ ) then we have 

4 4 

1, 



(76) 



u\{0 > {zi, z) 



1, 

- 2 1 1 

- 2 1 1 
1, 

- 2 1 1 



R 2 " 



O(l) 







Zl 


Nil 


2 - 


2 |^i 




£o| H 






o(l) 


4 |Z1 





0(1) 



Zl 

2|zi| 



R 2n 



oil) 



oil) 



with Co := g|zi| > 0, for every positive A which is smaller than a suitable Ai > 0. From 
now on we will assume that < A < A := min{Ao, Ai}. 
Now let cr( £ ) be the solution of 



(77) 



a 



a 





-2e 



on i3i(0)\I»i(eo) 

4 

on aDi(O) 
on SZ>i(&) 



Since f2 := -Di(O) \ Di(£q) is a smooth domain and since its boundary is characteristic 

4 

for A H only in the north and south poles of the two balls, i.e. in 



jVi = (0,l), Si = (0,-1), N 2 



G 



16-'' 52 



1 

16 



MzY^J' ~* V2|C*I' 

problem (|77p admits a unique solution which is C°° in the interior of the domain, because 
the operator is hypoelliptic since it satisfies Hdrmander's condition (see [E]), and also 
up to the boundary in any point which is different from N\,S\,N2, £2 (see [18J and [15j). 
The unique solution of problem (|77p is also continuous up to the boundary in all the 
points, see [15]. 

By the maximum principle, see [5], the solution depends continuously on the data of 
the problem and as e tends to we have 



(78) 



SUp |<7 

n 



a 



(0)1 



0, 



where is the unique solution of 
(79) 



(A H a^ =0 



r(0) 



a 



(0) 



CO 



on £>!(()) \£>i(£o) 
on 9Di(0) 
on dDifo). 



By the strong maximum principle, see [5], we have that > in $7 and a*- ) cannot 
attain its minimum value in f2. In particular we have <t'°)(Q) > 0. Then by (j78j) if we 
choose s > small enough we have 



(80) 



CT (e)( ) > ^^(O) > 0. 
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Notice moreover that by the maximum principle one also has 

(81) - 2e < (j {e) < ^c on U. 

Now fix£>0 such that (|80p holds, and for < A < A and any < r < | define 

(82) 8 A (0 = «a(0 + Ar«- 2 (|C|- (Q - 2) - 1) - 



on Di(0) \ (A-(O) U Di (Co)), with A > 1 to be fixed later. Notice that D r (0) C Di(0) 
and that L> r (0) n £>i(Co) = 0- Moreover one also has (|^|~ (Q_2) ) = in H n \ {0}, 
since ICI^ - ^ -2 ^ is a constant multiple of the fundamental solution of A H centered at 0. 
Then A H G X = A H u x < in D 1 (Q)\(D r (0)U Difa)). 

Now notice that = —2e on dDi(0), and hence < — |e near dDi(0). But then 
near 9Di(0) by ([75]) one has 

e A > u x - a& > -e + = X -e > 0. 

On &Di(£ ), by (UJ) and (HTJ, one has 

4 

1 1 

©A > U\ ~ (T (e) > C - -C = -C > 0. 

Finally on dD r (0), by ([82 ]) and (|HI ]> . one has 

6 A > -e + Ar«- 2 (r-W- 2 ) - l) - I Co > A (l - ^) - e - ^c > 

if we choose A > 1 large enough. Hence A > on 9(L>i(0) \ (D r (0) U £>i(Co)) )• From 
the maximum principle then it follows that A > on the whole domain. 

Now fix C G D\ (0) \ {0} and let < r < min {\£\ H , i}. For all < A < A then we have 

u x (0 + ArQ- 2 {\t\ H ^-V - 1) - a^(0 > 0, 

and by letting r tend to we get u\(£) > c^(C)- 
Then for all R G (0, A) one has 

inf u(f) = inf u(5 A (C)) = A inf u A (C) > A inf ct (e) (C). 

Dfl(O) Ofl(0) V 7 £>r(0) D r (0) 

X A X 

Hence by the continuity of cr^ and by relation (|80p we get 

lim inf u(£)>Alim inf <r (e) (C) = Act (e) (0) > -a {0) (0) > 0. 

i?->0D fl (0) i?->0Dfl(0) 2 

A 

Thus the proof of the theorem is now complete. □ 

Exploiting left translations and dilations, defined respectively in (UJ) and ([8]), one can 
easily derive the following Corollary from Theorem 15.11 



Corollary 5.2. Let n > 1, Q = 2n + 2, R > 0, Co G H n and consider D R (£ ) C H'\ 
u 6 C 2 (L>r,(Co) \ {Co}) suc/i i/iai 

A H u < in Dfl(Co) \ {Co}- 
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Let f,g : Dr(!;q) — > R be bounded functions such that 

i) /(Co) = gfo), 

ii) f,g are differentiable in £ and V H /(f ) / V H #(£o), 

iii) u(0 > f(0, u(0 > g(0 for every £ G D R fa) \ 
Then one has lim inf u > f(fn). 

r->0+ D r ( 5o ) V 7 

For any positive function w G C 2 (D 2 (0)), £ G -D 2 (0) and A > let 

(83) wt> x ( V ) = w T(0Sx ( V ) = X^w^oS^r})), 
for 77 G H n such that f o <5 A (? ? ) G D 2 (0). 

Lemma 5.3. Assume u G C 2 (D 2 (0) \{0}) , w G C 2 (L> 2 (0)) ; u > w mD 2 (0)\{0}, w > 
in Z? 2 (0). T/ien f/iere exzsis £1 G (0, 1) suc/i that 

ufi> x ~^{rj) < u(rj) 
for every £, 77 G H ra and e > suc/i i/iaf |£| H < e < e\ and < \n\ H < 1. 

Proof: Let 7, £0 £ (0, 1) be small constants to be chosen later. Let £, 77 G H n and 
e > be such that |£| H < e < Eq and < (r/^ < 7. Then one has 

l£ Si-^WIh < leU + (1 - V^)\V\ H < e + (1 - V~e)l < 2 

and hence in particular £ o 5 1 _ v ^(r/) G D 2 (0). Moreover for a suitable constant C > 
one has 

(84) |£ o - V \< Cy/l{yfl + 7). 

Since w G C 2 (£> 2 (0)), by relation ([53]) for £0 and (5 small enough we have that 

v[Z h-y/iblj) = wCn) + 0(\C o S^irj) - v \) = w(rj) + v^O(v^ + 7), 
uniformly in £, 77. Then 



w 



1 _ n ( r? ) < yjSA \/£( 7? ) _ - U ,( r? ) 



(l - ^A/S + 0(e)) w(£ o ^(77)) - 777(77) 

(l - ^ + 0(e)) (w( V ) + v^O(v^ + 7)) - w(ri) 



Q 2 -w(n) + 0(v^ + 7) 



2 

uniformly in £, 77. Thus, for some £q, 7 > small enough we get 

(85) w^'^ir]) < 7/(77) if < e < e and < l??^ < 7. 

Now let ^, 77 G H ra and e > be such that < e < £0 and < |?7| H < 1. Then one 
finds 

\t°8i-^{r,)-r}\<Cy/i. 

Since 77; G C 2 (-D 2 (0)) one has 

w[£ ^i-v^(^)) = w(v) + 0(\£ o - 7/|) = 7^(77) + O(Vi), 
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uniformly in £, 77. Choose e\ G (0,£o) such that 

0(^l)< min KC)-u;(C)]. 

7<ICI H <1 

This is possible by our hypotheses on the functions u, w. Now for every £, 77 G H n such 
that < e < £i and 7 < \rj\ H < 1 we have 

(86) w^' 1 '^^) = 10(77) + 0(y/e) < 10(77) + ("fa) ~ ^(77)) = u(rj). 

Relations ([85]) and (f86|) together give the desired result. □ 

Lemma 5.4. Assume u G C 2 (L> 2 (0) \ {0}) , to G C 2 (L> 2 (0)), u>w in D 2 (0)\{0}, u> > 
in 1)2(0). T/ien there exists £2 6 (0, 1) suc/i f/mf /or every e G (0,62) owe /ms 

w^ ,x (r]) < 14(77) 

/or every £ G H n suc/z f/iaf |£| H < e, every 77 G H n suc/i t/iai |t7| h = 1 and every 
AG [1- Vi,l + v^]. 



Proof: Let 



9Di(0) 



then £0 > 0. For every e G (0, 1/9), every A G [1 — 1 + v 7 ^] an d every £, 77 G H n such 
that |£| H < £ and |t7| h = 1 one has £ o 0^(77) G Z?3_(0). Thus we get 

70^(77) - 74(77) = [u>(£ o ^(77)) - w(r])] + [10(77) - + (A~ - 1) to(£ o 0^(77)) 
(87) < \w(^o Sx(rf)) -10(77) - inf [u(C) - to(C)] + |A~ - l| sup to 

9Oi(0) 

< ° ^a(??)) - w(r])\ -£o + C\yfl 

for some constant C\ > 0. 

Now notice that for every £ G (0, 1), every A G [1 — y/e, 1 + y^e] and every £, 77 G LP 
such that |£| H < £ and |t7| h = 1 one has 

1? o <5 a (t?) - r?| <C 2 y/i 



for some constant C2 > 0. By the uniform continuity of to on L>3(0), since we have 
2 

Vi (£ dxiv)) £ 1)3(0), by ([88]) we can find £* G (0, 1/9) small enough so that for every 
£ G (0, £*) we have 

Now let £2 = min je*, 16 ^2 )• By inequality (|57j) . for every £ G (0, £2)) every A G 
[1 — y 7 ^, 1 + -y/e], every £, 77 G H n such that < £ and |t7| h = 1 we have 

70^(77) - 7,(77) < -| + C X sfe < -| < 0. 

The proof of the lemma is now complete. □ 



:-!() 
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Lemma 5.5. Assume u G C 2 (D 2 {0) \ {0}) , w G C 2 (-D 2 (0)), u > to mD 2 (0)\{0} ; w > 
inD 2 (0).If 

liminf[u(f) - u>(f)l = 0, 



i/ien i/iere exisis £3 G (0, 1) suc/i i/iai 



sup 

o<M H 



sup |^' 1+N 2~(ry) — 77(77)! 



> 



for every £ G H ra and every e > suc/i i/iat |£| H < e < £3. 

Proof: For £3 > small enough and every e G (0, £3), if \^\ H < £ < £3 one has 



lim sup {tt/' 1+ ^~ (77) — 77,(77) } 



C,l+ 



(89) 



(0) — liminf 14(77) 

r;->-0 



vfi^+a (0) - w(0) 



w{£) - w(0). 



Now notice that |£| < v^e- Since w G C 2 (D 2 (0)), we have 

w(0 = w(0) + O(lfl) = w(0) + 0(e). 
Thus by relation ([89]) we get 



limsup 2 (77) — 7/(77)} 



(w(0) + 0(e)) - ttj(0) 



Q 



-ttj(O) + 0(y/e) We > 



if £ G (0,5:3) and £3 is small enough. Thus it follows that 



SUp {w*'~ 1 ^ 



0<|r?] H <l 



(77) -77(77)} > 0. 



□ 



We are now ready to prove Theorem 11,71 

Proof of Theorem II. 7t Without loss of generality, up to a translation we can 
assume that £0 = 0. 

Arguing by contradiction, suppose that the conclusion of the theorem does not hold, 
i.e. that 



(90) 



liminf[n(£) - w(£)] = 0. 



Then let e := | min{ei, £ 2 , £3}, with e\, £ 2 , £3 being provided by Lemma f5.3l Lemma 
5.41 and Lemma 15.51 respectively. By Lemma 15.31 one has 

(91) w^-^'ir]) < 77(77) for all 77 G L>i(0) \ {0}, 

for every £ G D e (0). Now for any such £ define 

A(f) :=sup{/j > l-y/e t/' A (? ? ) < 77(77) V77 G D^O) \{0}, for all A G [l-y^/j]} . 
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By relation (|9ip we have that A(£) is well defined and that A(£) > 1 — y/e, for every 
£ G D e (0). By Lemma 1531 we also have that A(£) < 1 + ^ for every £ 6 £> E (0). 
Now by the definition of A(£) one has that 

(92) wt' J( £\ri) < u{rf) for every 77 G £>i(0) \{0} and every £ G D e (0). 
Moreover, since A(£) G [1 — 1 + by Lemma I5T41 one also has that 

(93) (rj) < u(rj) for every 77 G <9£>i(0) and every £ G D e (0). 
We make the following claim: 

(94) u^' I(5) (77) < n(r?) for every 77 G -Di(O) \{0} and every £ G -D e (0). 



For every £ G D £ (0), 77 G -Di(O) \{0} we have £ o (^^(77) G D^(0). By the invariance 
of the operator T, we have that 

T(vtRt\V B vfi*®,V*vf>*®)(ri) = T(w,V H w,V 2 w) (£0^(77)) <0 for 77 G £>i(0) 
and thus 

T(u,V ff u,V^u) -T(^> X ®,V H u; e ' I( ^,V^ e ' X(s) ) > on Di(0)\{0}. 



Now let be an open, connected set such that O C -Di(O) \{0}. By condition (|5,'2p we 
have 

w^'^\rj) — 14(77) < for every 77 G O and every £ G -D e (0). 

Recalling the notation T = T(s, v, U) with s > 0, v G R 2n , £7 G 5 2nx2n (8) JR, by the 
regularity of all the functions involved on Q, for every £ G D £ (0) and every 77 G we 
have 



< T(u,V H u,V 2 H u) -T(w^\V H w^\V 2 H w^) 
f' 1 d r 

= / — T(ru+(l-r)w^ m ,rV H u + (l-r)V H w^ m , 
Jo dr I 



T ' 

In 



"V 2 u + (1 -r)V 2 7i/' A(5) ) 

n, 

= c(^«)-u) + <6, V jr (i^-u)> RaB + E^^K^-^)]^ 
:= LIV^-t/), 



dr 
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with c G C (O), b = (61, . . . ,b 2n ) E C°(n,R 2n ), E C (H) for every t, j = 1, . . . , 2n 
being defined by 

c(rj) = - — (ru(rf) + (1 - r)w^ AK) (i}),rV fl ii(?)) + (1 - r)V H tu*' A ® (77), 
Jo OS 

rV 2 u(7/) + (1 - r)V^ flA(f) (r?)) dr, 

fej(77) = - / ^— (rn(r/) + (l-r)?i; § ' A(?) (r ? ),rV ff n(r/) + (l-r)V JI ^' A(f) (r/), 
Jo "Vj 

rV 2 u(7/) + (1 - r)V^ flA(f) (r?)) dr, 
°iM = ~ / 7^(rn(r/) + (l-r)^' A ^(r/),rV H n(r ? ) + (l-r)V H ^' A «)(r ? ), 

JO oU ij 

rV|w(r?) + (1 - r)V^^' A(f) (r?)) dr. 

By the regularity of u, w and since £ o 5j^(r]) G Ds(0) for every £ G -D e (0) and every 
77 G we can find a, 6, i?2 G R + with b > a such that 

(ni+ (1 - r)w^\rV H u + (1 - r)V H 7/' A(?) ,rV 2 u + (1 - rjV^ 5 '^) 

G [a, 6] x S fll (0) x B R2 (0) c R+ x R 2n x (5 2nx2n e JR) 

for every r G [0, 1], every £ G -D e (0) and every 77 G Thus by our hypotheses on the 
operator T, see condition (|22p. the matrix [oij(7/)]ij=i 2n is strictly positive definite on 
O, for every £ G £> e (0). 

Since the vector fields Xi, . . . , X n , Yi, . . . , Y n satisfy the Hormander condition, see 
condition (|24|) . by Theorem 4.1 in [25J we can conclude that for every £ G D i(0) we have 
either (u;^' A ^) - u) = or (w^^ - u) < in O. 

Now for any m G N we can choose $7 = f2 m := -Di(O) \ -Dj_(0), and by condition (j93[) 

771 

and the previous argument we can conclude that 

( W M0 - u ) <0 in D^G) \ Di (0), for every £ G -D e (0) and every m G N. 

m 

Thus our da«m follows and ([MP holds. 

By the definition of A(£) and by relation (|94|) . then one has 

(95) liminf[u(n) - w^ x( -^(i])} = for every £ G DJQ). 
Thus in particular for every £ G D e (0) 

(96) tt/' A(5) (0) = (A(0)^w(£) = liminf uM := a G (0,oo). 
By conditions (fMj) . ([95]) and ([96]) and since A H u < 0, Theorem 15.11 yields 

(97) V = V H w^\0) = (A(0) * V h tz;(£) for every £ G £> e (0), 
for some fixed V G R 2n . Relations (j96[) and (|97p in turn give 

V H ii;(£) = a~^(u;(£))«^y for every £ G D e (0). 
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Thus for every £ 6 D £ (0) we get for j = 1, . . . , n 
and hence 

AgiflK) = -^^a'^ (w(0)^ 2 \V\ 2 >0 inD £ (0). 

Then it follows that A H (ii - w) < in L> £ (0) \ {0}, with u - w > in Z> £ (0) \ {0} by 
condition (i). Then Lemma 16.71 yields 



and thus 



inf (u — w) > inf (u — w) > 0, 

D £ (0)\{0} y dD e (oy 



liminf[w(£) - w(£)] > 0, 



which contradicts our initial assumption, condition (|90p . The proof of Theorem 11.71 is 
now complete. □ 

6. Appendix 

In this section we collect some technical results, which were used in the course of the 
proof of Theorem 11.31 in section [3j 

Moreover we consider the CR map <p = cp o l, which we recall was defined in (|29p by 
setting = (x, y, t) for every £ S H n \ {0}, with 

xt + y\z\ 2 yt — x\z\ 2 . t 

x= i^E ' y= m ' t= w 

and for every h = 1, ... , n we compute V H {x h ), V H (y ft ), V H (i), V^(i ft ), V£(# ft ), V|(i). 
Lemma 6.1. For every h,j = 1, ... ,n we /tawe 

^?(%) = - Y j(Vh) = ~J^u S jh + |^f8"( 2 (l z | 4 ~ t2 )(Vh x j ~ x hVj) + ^t\z\ 2 (xjX h + yjy h ) 

2 



-XjCjy = ^jfe) = ~|7jT^ + |7j8"( 2 (l z l 4 ~ t2 )( x j x h + yhVj) + 4t\z\ 2 (yjX h - Xjy h )J 



X S) = T^si^-^yj-^zfxj 



1 



T ( ± h) = ({t 2 -\z\ A )x h + 2t\z\ 2 y h 



T{y h ) = ^{{\z\ A -t 2 )y h + 2t\z\ 2 x h 
Tit) = J^(\z\ 4 -t 2 ) 
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where 5jh is the Kronecker's symbol. 

Proof: One has just to use the definition of the vector fields T, Xj, Yj for j = 1, . . . , n 
given in section I2TT1 in order to get the result. □ 



Lemma 6.2. For every i,h,j = 1, . . . , n we have 



XjXi(x h ) 



YjXiixh) 



YjYiixh) 



Moreover 



[2{t 2 -\z\ A ) yj + At\z\ 2 Xj ) 



1 



(\z\ 2 Xj + ty j )(2(\z\ A -t 2 ){xiy h - yiX h ) + 4±\z\ 2 (xiX h + y$Jh)) 
8(\z\ 2 Xj - tyj)(xiy h - yiX h ) + 8(txj + \z\ 2 yj)(xiX h + yiy h ) 



z\ 2 x. 



+<%(2(|z| 4 - t 2 )y h + U\z\ 2 x h ) + 5 jh (2(t 2 - \z\ A ) yi + 4t| 



(2(\z\ 4 -t 2 )x j + U\z\ 2 y j ) 



(\z\ 2 Xj + tyj)(2(\z\ 4 - t 2 )(yiy h + XiX h ) + 4t\z\ 2 (yiX h - Xiy h )) 



m 2 

— (8(\z\ 2 Xj - tyj)(yiy h + XiX h ) + 8(txj + \z\ 2 yj)(yiX h - Xiy h ) 
+5ij (2(|z| 4 - t 2 )x h - U\z\ 2 y h ) + 6 jh (2(\z\* - t 2 ) Xi + U\z\ 2 yi )^j 
{2{\z\ i -t 2 )x 3 +At\z\ 2 y j ) 

+J^u(\ z \ 2 yj - te j)( 2 (M 4 - t 2 ){xhVi - Xiy h ) ~ &\z\ 2 (yiy h + XiX h )) 
-J^s{ 8 (\ z \ 2 Vj +txj)(yix h - Xiy h ) + 8(\z\ 2 xj - tyj)(yiy h + XiX h ) 
+(%(2(|z| 4 - t 2 )x h - At\z\ 2 y h ) + ^(2(i 2 - \z\ 4 ) Xi - At\z\ 2 y^ 



5ih 



^{2(\z\ i -t 2 )y 3 -At\z\ 2 x j ) 



1 



lei 



{\z\ 2 Vj ~ te i)( 2 (M 4 - t 2 ){yiVh + XiX h ) +At\z\ 2 (yiX h - Xiy h )) 
K\ z ?Vj + txj)(yiy h + XiX h ) + 8(\z\ 2 Xj - ty 3 ){xiy h - yiX h ) 



+5 ij {2(\z\ A - t 2 )y h + At\z\ 2 x h ) + 5 jh {2(\z\ A - t 2 ) Vl - 4t|z| 2 x i )) 



XjXifa) = XjYiixh) 
Y^fa) = YjYtixh) 



YjYiim) = -YjXiixh), 
XjYiiVh) = -XjXi(x h ). 
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Finally 



XjX$) = —^{\z\ 2 x j + ty j )(2(\z\ 4 -t 2 )y i -4t\z\ 2 x i ) 

+ T7^( 8 (\ z \ 2x i ~ l Vo)yi ~ 8 ( tx j + \ z \ 2 Vj) x i ~ 4£|z| 2 <% 
X Mt) = -y^2(k| 2 ^'+^)(2(t 2 -k| 4 )a: i -4t|z| 2 y l ) 

+ 777s~(' 8 (^i - \z\ 2 Xj)xi - 8(tXj + \z\ 2 yj)yi + 2(t 2 - \z\ 4 )5ij 
y i^© = -j^ n (\z\ 2 y j -tx j )(2(t 2 -\z\ A )x l -4t\z\ 2 y i ) 

+1^8 ( 8 (l z l 2;E i ~ fy?)^ ~ 8 (l z l 2 %' + - 4:t\z\ 2 5ij^ . 

Proof: One needs only use the definition of the vector fields T, Xj, Yj for j = 1, . . . , n 
and lemma I6TT1 to conclude. □ 



Remark 6.3. By Lemma 16.11 and Lemma 16.21 for every h = 1, . . . , n we have 

V H (x ft ) = -JV H (y h ), V 2 (x fe ) = -JV 2 (^) 
in H n \ {0}, where J E Mat(2n, R) is the matrix defined in (|16p . Moreover 



|V*(4fc)| = E(l^-(i fc )| 2 + l^(*fc)l 



7J| 2 



1 

1 



for every £ G H n \ {0}. 

Lemma 6.4. Let v = (p,q) € R n x R n ; v / 0, s > and /e£ £o : = (£o>2/o> to) 

^0 = i-|2 P> ^0 = j-io <?, *0 = 0. 

■up |f| z 

Define zq = (xo,yo) and 

A:= I6Ih = (N 2 + M 2 ) I = ^t^- 

^) = ^o t o5 A _ 2 (0 = (A 2 x, A 2 y, A 4 t) 

/or every every £ = (x,y,t) 6 H n \{0} ; and consider also a positive function (ft 6 C 00 (H ri ) 
swc/i i/iai 0(Co) = s > ^/j<K£o) = u anc ^ ^<K£o) = U. Then one has ^(ip" 1 (Co)) = s, 



:',(-< 
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V H ^(^- 1 (&)) =0 and 



Q 



Q 



+J T U J + -j-^j ( (v, U w) R 2n Jv® Jv + (Jv, UJv) R2 „ v®v 



-s 1 Jv®Jv + 



Q 



-S V ® V + 



Q 



-s 1 \v\ 2 I 2n 



(98) 



with G, J being defined as in (|16|1. 



(JV, U V)- R 2n V ® JV ~ (v, U Jv) n 2n Jv ® vj + — (^Jv ® J T lf T " 



-v ® J T U T Jv + J T Uv ® Jv - J T UJv ® v 



G, 



Proof: Notice that ip = c/3o<5 A ~2, so that by formulae (j23|) and (j29|) and by Proposition 
2^1 for every £ G H n \ {0} one has 

W Va (0 = A-W- 2 )^(A- 2 x,A- 2 y,A" 4 t) 

A 



(99) 



^p) ^(A 2 £,A 2 y,A 4 t) 



Now notice also that for every £ G H n \ {0} one has ^(O = so that ^ x (£) = 
for all £ G H n \ {0}. Then by the definition of A and £o i n particular one has 

V> _1 (£o) = = (-2/o,-xo,0). 

Thus using formula (f9Uj) one immediately gets 

Mv> _1 (£o)) = 0(6) = s 

By formulae (j99|) and (|26p . for every £ = (x,y,t) G H n \ {0} one also has 
(100) V H M0 = V H ((^)i A _ 2 )(0 = A- Q V H ^(A- 2 x,A- 2 y,A- 4 t). 

Evaluating equality (|100|) at V ;_1 (£o) and using formula (|3"2"j) we get 
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2/o 
x 



+ 



£-V H u(£ ), 



where the matrix E, which was defined in (|33p . is now evaluated at the point V ;_1 (Co)- 
Recalling the definition of xq and yo, from the previous equality one concludes that 
V H <Ai/>(V ;_1 (£o)) = as claimed. 

In a similar way, by formulae (j27|) one also has 

(101) V 2 ^(e) = V 2 ((^) V2 )(e) = A-W+ 2 )V 2 ^(A- 2 x,A- 2 y ,A- 4 t), 

so that 

V 2 ^(^ 1 (eo)) = A-( Q+2 )v 2 ^(-A- 2 y ,-A- 2 x ,0). 
Now in order to get formula ()98|) . and thus conclude the proof of the lemma, it's sufficient 



to substitute in the previous equality the expression for V 2 <fe which is provided by 
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formula ()35[) . where all the functions appearing there are to be evaluated at the point 
C = (-A- 2 y ,-A- 2 x ,0). □ 

Lemma 6.5. Let A > and let 

Co = 0o,2/o,*o) = (0,0, A 2 ), 

^(0 = <poio5 x -2(£) = (A 2 *, A 2 y, A 4 t) 

for every every £ = (x,y,t) G LP \ {0}. Consider a positive function eft E C ao (H. n ) 
such that 0(£o) = 1; V H 0(£o) = and V 2 0(£q) = f/. T/ien one /ias 0^ (V' _1 (£o)) = 1; 
V H ^(V -1 (Co)) =0 and 

V>4V _1 (&>)) = -^^J + GC/G, 

™ia G, J being defined as in (|16p . 

Proof: One has V'(Co) = V' _1 (£o) = £o and \Co\ H = A. Thus, using formula ([99]) one 
immediately gets 

M^fo)) =^o) = l- 
Next, evaluating equality (HOOp at £o = V'~ 1 (?o) and using formula ([32]) yields 

v^forHft)) =o. 

Finally, we evaluate (|101|) at the point £o = V' _1 (£o) and we use formula ([33]) . Since in 
this case we have E = —G, where E is the matrix defined in (|33|) now evaluated at the 
point (0,0, A -2 ), we get 

and the proof of the lemma is now complete. □ 
One can prove the following lemma in the same way. 

Lemma 6.6. Let A > and let 

Co = {x ,y ,t ) = (0,0, -A 2 ), 

^(0 = ^o t o^ 2 (() = (A 2 *, A 2 y, XH) 

for every every C = (x,y,t) G H n \ {0}. Consider a positive function (ft € C°°(H n ) 
such that <ft(Co) = 1? ^H&iCo) = and V 2 0(£q) = U. Then one has <j>^ (-0 _1 (£o)) = 1> 
V H ^(V -1 (Co)) =0 and 

^l^^'HCo)) = ^^J + GUG, 
with G, J being defined as in (|16p . 

The following lemma is a consequence of Bony's Strong Maximum Principle, see [5]. 

Lemma 6.7. Let u 6 C 2 (D r (Co) \ {£o}) / or some r > and £o 6 H n . Assume 

i) A H u<0 on A(£o)\{£o}, 

ii) n _ (£) = o ( , /.0-2 ) as C -> £o, ^ere u~ := -min{u,0}. 
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Then inf u > inf u. 

A-(6>)\{6>} dD r {i ) 

Proof: Up to a translation rg and a dilation 5 r , we can assume without loss of 
generality that D r (£o) = Z?i(0). 

Now consider the function w(£) = A_ 2 on H n \ {0}, which is a multiple of the 

IsIh 

fundamental solution of — A„ on H n , centered at G H n . Let mn := min u and define 
9Di(0) 

u : = m '^~" on -Di(O) \ {0}. Then for every e > one has 

2 ,„ „ > A„n 

A ff v + - V fl w, V ff v) R2n = 5_ > o 

w uu 

on Di(0) \ D E (Q). Since w G C°°(H n \ {0}) and w > in H n \ {0}, by the Strong 

Maximum Principle proved by Bony in [5] one has that 

(102) sup v < sup v + = sup v + , 

Di(0)\D e (0) dD 1 (0)UdD,(0) 8D £ (0) 

since by definition one has v < on <9Z?i(0). For every fixed £ G -Di(O) \ {0}, one has 
that £ G -Di(O) \ D £ (0) for every e > small enough. Then using (|102[) one obtains 

(103) v(0 < sup v + < sup C ° + U < c e Q ~ 2 + sup — 

9D £ (0) SD e (0) 10 dD e (0) w 

for every e > small enough. By condition ii), one has that u w ffl tends to as ij — > 0, 

u 

and hence sup — also tends to as e — > 0. Then passing to the limit as e — > in 

dD e (0) w 

()103p yields v(£) < 0, for every £ G -Di(O) \ {0}. By the definition of v thus we have 
u(£) > Co = a mm n f° r every £ G D i(0) \ {0}. □ 
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